T2-A-3-03

16th Forum on Data Engineering and Information Management

Fast Parallel Computation for Random Walk based t-SNE

Takeshi MIKIf, Yasuhiro FUJTIWARAT, and Hideyuki KAWASHIMAft

1 Keio University
5322 Endo, Fujisawa-shi, Kanagawa 252—-0882, Japan
17 NTT Communication Science Laboratories,
1-5—1 Ootemachi, Chiyoda-ku, Tokyo, 100-8116, Japan
E-mail: tt.miki@keio.jp, Tfyasuhiro.fujiwara@ntt.com, tiiriver@sfc.keio.ac.jp

Abstract Effective dimension reduction techniques are crucial in the era of big data. In this paper, we introduce

an optimized version of the renowned dimension reduction technique, random walk-based t-SNE, by addressing its

traditionally significant computational cost. Our proposed method incorporates parallel computing and Modified

Cholesky factorization to enhance processing efficiency, without sacrificing the quality of dimension reduction. The

experimental results demonstrate a substantial reduction in execution time while maintaining the high standard

of dimension reduction quality. This method has the potential to accelerate the adoption of t-SNE across various

data-intensive domains.
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1 Introduction

In our data-driven world, the volume of high-dimensional
data that we handle is continuously expanding[2]. Con-
sequently, the importance of data visualization has been
steadily increasing. The practice of visualizing high-
dimensional data often necessitates a reduction of its di-
mensions to two or three. Numerous dimension reduction
algorithms have been developed for this purpose, including
UMAP [12], PCA[9], and PLS[13]. Among those methods,
t-SNE (t-Distributed Stochastic Neighbor Embedding) is one
of the most common and widely accepted approaches [15].

t-SNE is a non-linear dimension reduction algorithm
that portrays the similarity between data points by condi-
tional probabilities. Subsequently, it tries to minimize the
Kullback-Leibler (KL) divergence of the conditional proba-
bilities between the high-dimensional and lower-dimensional
data points. In doing so, t-SNE effectively preserves both
the global and local structural features. Due to its remark-
able performance and simplicity, t-SNE finds the following
diverse applications:

Cancer Detection: Mass Spectrometry Imaging (MSI) is a
technique that simultaneously provides the spatial distribu-
tion of biomolecules. This information is necessary for iden-
tifying diagnostic and prognostic biomarkers in the context
of cancer research [1]. While MSI offers rich insights into the
intricate molecular landscape within cancer, its data com-

plexity poses significant challenges. t-SNE, with its ability

to reduce data dimensionality while preserving both global

and local structures, is a suitable solution. In practice, the
application of t-SNE involves the detection of distinct clus-
ters. This has proven particularly beneficial for identifying
gastric and primary breast cancer patients [1].

Playlist Generation: In the domain of playlist generation,
t-SNE has been introduced as a modeling approach. Specifi-
cally, each song is represented as a 34-dimensional data, and
t-SNE is used to transform it into a two-dimensional data.
The two-dimensional output of the model will be used for
projecting and rendering a song catalogue onto a plane. In
this context, it has outperformed previous methodologies,
such as PCA [10].

As shown in previous examples, t-SNE is a popular tech-
nique used in various fields. However, its main drawback is
the significant computational cost. The problem arises from
the need to calculate pairwise similarities between all data
points to compute the Kullback-Leibler divergence between
the original data points and the embedded data points. Ad-
ditionally, t-SNE computes pairwise similarities for all em-
bedded data points in each iteration when updating the em-
bedded data using the gradient descent method. This leads
to a quadratic increase in computational complexity [14].

In order to solve this computational bottleneck, random
walk-based t-SNE has been introduced. This method se-
lects a subset of landmark points in a randomized manner,
reducing the number of data points that need to be visu-
alized. Additionally, random walk-based t-SNE uses the k-

nearest neighbor graph to approximate distances between
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Table 1 Definition of each symbols

‘ Symbol ‘ Definition

Number of data-points

Number of dimensions in the original data

N
M
m Number of dimensions in the embedded data
n Number of landmark points

X Matrix of the original data

Y Matrix of the embedded data

T; i-th data-point of the original data

Yi i-th data-point of the embedded data

Dij Similarity of the original data

Qij Similarity of the embedded data

L Graph Laplacian

k Number of neighbors in knn graph

these points efficiently.

However, despite these optimizations, time complexity still
remains a substantial challenge. This complexity stems from
the need to construct and utilize the k-nearest neighbor
graph, which is a critical step in the random walk-based
approach for estimating pairwise distances and similarities
among data points.

In this paper, we propose a multi-core version of the mod-
ified random walk-based t-SNE. The implementation was
done in C++ and leveraged OpenMP to execute the code in
parallel across multiple cores. The parallelization was done
with thread counts ranging from 1 to 64.

The paper is structured as follows: Section 2 provides an
overview of the foundational concepts, offering a brief ex-
planation of t-SNE and random walk-based t-SNE. Section
3 introduces the methodology developed for this research.
Section 4 discusses the experiments conducted and the re-
sults earned. Sequentially, section 5 focuses on related work.
The conclusion and discussion drawn from the research is

provided in sections 6 and 7.
2 Preliminaries

2.1 t-SNE

This section will explain the background and mathemati-
cal definitions related to t-SNE. First of all, t-SNE is a di-
mensional reduction technique used for data visualization.
It aims to reduce the dimension of high-dimensional data
points and create a lower-dimensional representation while
preserving their pairwise similarities. Specifically, t-SNE re-
duces the dimension of the original data X, represented as N
X M matrix, into a lower-dimensional matrix Y, represented
as N xm embedded matrix, where N, M and m are the num-
ber of data-points, number of dimension in the original data
and the number of dimension in the embedded data, respec-

tively. This is achieved by minimizing the cost function F),
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defined as follows:

F=3 pilog 2 (1)
i) ”

where p;; is the pairwise similarity between x; and x;, where
x; and x; represents the ¢th and jth element of X, respec-
tively. Additionally, g;; represents the pairwise similarity of
embedded data, y; and y;, where y; and y; are the ith and
jth element of Y, respectively. Pairwise similarity in the

high dimensional data, p;; is defined as follows:

Djli + Pijj
2 b

where p;|; is the similarity of x; to x; using conditional prob-

Dij = pijs =0 (2)

ability. p;; is given as follows:

exp(—|la: — x;||*/20?)
2 ki exp(=||zi — xil[?/202)

where o is the variance of the Gaussian distribution.

Pjli = (3)

Since z; will not choose x; as its neighbour, p;; becomes 0.
On the other hand, p;;; may not equal to p;|;, however, joint
probability of Equation (2) p;; takes the average. There-
fore, the pairwise similarity between z; and z; becomes sym-
metrized. The pairwise similarity of y; to y; is defined as g¢;;

which is given as follows:

gis = (L4 llyi —yll) " g
ij = —7 is
Zk#l(1+ lys —wl[?)~!

Unlike p;; which uses a Gaussian distribution to convert

=0 (4)

distance into probability [15], ¢;; uses student-t distribution
with single degree of freedom to effectively visualize data.
Since the distance from y; to y; is 0, ¢gi; = 0.

Embedding original data is done by minimization of the
cost function using gradient descent method with momen-

tum. The gradient is as follows:

oF -
oy 4> (i —ai) Wi —y) A+l — w1 (5)
’ i
After obtaining the gradient, Y should be updated. Gra-

dient update with momentum is given as follows:

v -1 n%}j +a(t) (Y(t71) _ Y(tfz)) (6)

where t is the number of iterations when undergoing gra-
dient descent method, o represents the momentum and 7 is
the learning rate.

Since t-SNE visualizes all embedded data-points, it is re-
quired to compute the value of ¢;; for each data-point pair.
Consequently, the computational and memory costs becomes
O(N?). These expensive costs are a major issue, since it be-

comes infeasible for t-SNE to deal with a big data-set.
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2.2 Random walk-based t-SNE

One common solution for high computational cost is to use
Random walk-based t-SNE, where it tries to reduce the cost
by selecting a certain number of landmark points and only
visualizing them [15].

Additionally, unlike original t-SNE, random walk-based t-
SNE uses knn graph to calculate pairwise similarity analyt-
ically. this method starts off by creating knn graph for all
N data-points with k& as the number of neighbours. This
knn graph is represented using graph Laplacian, denoted as
N x N matrix L, which is defined as

L=A-W (7)

where W represents adjacency matrix and A represents di-
agonal matrix. When obtaining W, an assumption that
the distance between data points x; and z; is equivalent to
e~ll7i==il1* i5 made. Additionally, diagonal matrix A is ob-
tained by diag (32, Wi, Waj, 32, W j).

Pairwise similarity p;; can be redefined as the fraction of
random walks that starts at landmark x; and terminates at
landmark z;. Pairwise similarity between all data-points and

landmark points could be obtained accurately by solving the

following linear system:

LP = -B” (8)

In this equation, BT is N x n matrix containing columns
from adjacency matrix W corresponding to landmark points,
where n is the number of landmark points. It is important to
note that P is a N x n matrix where pairwise similarity be-
tween ith data point and jth landmark point is represented
as Py;.

In order to solve Equation (8), Cholesky factorization [§] on
Graph Laplacian L is first conducted, resulting in L = CCT,
where C represents the upper-triangular matrix. Sequen-
tially, Cy = —B™ is solved using forward substitution and
CP =y is solved using backward substitution [15].

Once pairwise similarities of landmark points from data
points are obtained from P, random walk-based t-SNE would
compute the pairwise similarities between embedded data us-
ing Equation (4). However, it is important to note that only
landmark points are used to visualize, meaning that there
are only n embedded data. One should note that embedded
data is denoted as n x m matrix Y, where m is the number of
dimension in the embedded space. Gradient descent method
is used to update Y.

While the random walk-based t-SNE method offers a po-
tential for acceleration, the challenge involving computa-
tional complexity still remains. Specifically, the computa-

tion of pairwise similarities g;; among the landmarks scales
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quadratically with the number of landmarks. Additionally
the computational cost for updating embedded matrix Y has
complexity of O(tn?) where t is the number of iterations in
the gradient descent. When using very large datasets, where
both the number of landmarks and the iteration count can be
enormous, these challenges makes this technology infeasible.
To address these issues, our approach focuses on optimizing
three key areas: the acceleration of the k-nearest neighbors
(knn) computation, the efficient calculation of the matrix P
representing pairwise similarities, and the updating process
for the matrix Y. These enhancements are designed to re-
duce the time complexity inherent in the original method,
making it more applicable for the practical use of large-scale

data.
3 Method

3.1 Parallelization of Graph Laplacian

Graph Laplacian L is calculated using Equation (7). The
computational complexity of creating knn graph as graph
Laplacian is O(N2M), where M is the number of dimension
in the original data. Although this step is only done once,
depending on the number of its data and dimension, it could
be computationally expensive. Thus, this could be a major
issue when dealing with a large data-set.

To address this challenge, we used OpenMP, a standard
parallel programming API for C and C++. OpenMP allows
us to compute the weight of the edges in parallel. Therefore,
the construction of knn graph can be divided among multiple
processors. Simple implementation is shown in Algorithm 1.

Each row of L corresponds to a node in knn graph. Deter-
mining which nodes are connected is done by comparing the
weight of the edges and selecting k£ nearest nodes. In Algo-
rithm 1, since determining each row of L can be computed
independently, it is done in a parallel loop by distributing
computation across multiple threads. It is important to note
that the weight of the edges are calculated using eiHIiﬂ”iHa
which is also computed in parallel. Sequentially, by compar-
ing the weights, we could identify whether a node is k nearest
neighbor or not. If a node is not a neighbor then those nodes
are not connected, thus the weight will be 0.

In order to efficiently compare the weights, we would cre-
ate a simple buffer with k spaces and a lock to avoid race
condition. The buffer represents the k nearest neighbors. An
entry value, which would be the weight W;; of each nodes,
would be placed in the buffer if it is empty. If not, by com-
paring the smallest value of the buffer, each node could either
be swapped and replaced in the buffer or rejected meaning
that the node is not k nearest neighbor. It is important to
note that the smallest value in the buffer always comes in

the beginning so that the comparison can be done simply.
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Additionally, when a entry value wants to read or write to
the buffer, it must acquires the lock in order to avoid race
condition. Finally, once each row of L is computed, they are

merged together to create one large matrix LT.

Algorithm 1: Parallelization of graph Laplacian
Data: X = {z1,z2,..
Result: Graph Laplacian L

., N}, k= Number of neighbours

f pragma omp parallel for

for each z; do
f pragma omp parallel for

for each z; do
Wij = e—llwi—z 112
if x; is not k-nearest neighbour then
| Wi =0
end
end
f pragma omp parallel for

for each z; do

| Aiit =Wy
end
end
LT =L Loy Ln,]
Return L

3.2 Solving Linear Systems

In order to find pairwise similarity p;; using graph Lapla-
cian, Equation (8) is solved. This is done by decompos-
ing L using Cholesky factorization then using forward and
back substitution to get the value of P which is a matrix
containing pairwise similarity. However, computational cost
for Cholesky factorization is cubic in the number of data
points [5]. One solution is to use Modified Cholesky factor-
ization.

Cholesky factorization decomposes positive symmetric ma-
trix L into lower triangular matrix C and upper-triangular
matrix CT. Starting from Ci1, by using Equation (9) and
Equation (10), Cholesky factorization solves each value of C.
The computational cost for Cholesky factorization would be
=’ [6).

j—1
Ljj—> C% ©)
k=1

Lij — 3123 CinCi

Cij ’
The proposed method uses Modified Cholesky factoriza-
The core idea of modified
Cholesky factorization is to decompose L in such way that
L = CDCT where D is an additional diagonal matrix. It

Cij = 1> (10)

tion to accelerate the process.

is important to note that diagonal component of C is all 1.

This decomposition would reduce the computational cost for
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factorization but also support solving Equation (8). Sim-
ilar to Cholesky factorization, starting off from Ci1, using
Equation (11) and Equation (12), Modified Cholesky factor-
ization tries to reduce the total computation. It should be
pointed out that, D11 would be equal to A11. The total com-

3

putational complexity would be % [6], which is faster than

normal Cholesky factorization.

C.. = Li; — Zi;i Cir D1 Ci

= , Ci=1 11

; D c (11)
i—1

Di; = Lis — Y Ci. Dy, D11 = Anx (12)
k=1

Modified Cholesky factorization guarantees a speedup by
using its symmetric features to avoid unnecessary square root
calculations.

Furthermore, solving linear system presented in Equation
(8) is achieved by solving CDH = —B7T using forward sub-
stituting and solving CTP = H using backward substitu-
tion [7].

Fast computation of solving linear systems is achieved by
replacing Cholesky factorization with Modified Cholesky fac-

torization and parallelization as presented in Algorithm 2.

Algorithm 2: Solving Linear Systems

Data: L= Graph Laplacian, B= Matrix containing
columns from adjacency matrix W, n=
Number of landmark points, N= Number of
data points

Result: P'= Matrix containing the pairwise

similarity between landmark points

fori=1 to N do
Solve D;; with Equation (12)

ff pragma omp parallel for

for j=i+4+1 to N do
| Solve Cj; with Equation (11)

end
end
f# pragma omp parallel for

fori=1 ton do
Solve p; with Equation (13)

f pragma omp parallel for
for k=1 to N do

if Encounter landmark then
| Append pix to p;

end
end
P’:[p’l Py e p;}
end
Return P’

The first loop in Algorithm 2 endeavors to decompose L

into CDC™T by solving Equation (11) and Equation (10) in
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turn. This is because once D;; is known, ith column of C
can be solved. Therefore, computation of each element in the
ith column is done in parallel. It is important to note that
since C is a lower triangular matrix with diagonal component
being 1, C;; should only be computed if j > 3.

In order to achieve efficient parallelization by distributing
computation across multiple threads, we solved Equation (8)
in such way that P is solved per column. Therefore, in each
thread, we compute the following equation:

where p; represents ith column of matrix P. Similarly, b;
represents ith column of —BT.

Equation (13) can be solved by computing CDh = b; and
CTpi = h using forward and back substitution.

Since Equation (13) is computed in parallel, p; would be
computed in each thread. Since we are not interested in
elements of p; that corresponds to non landmark points,
our algorithm would only store elements that corresponds
to landmark points to a column vector pi. To avoid excess
operations, when all landmark points are selected, we would
terminate the process.

The output for Algorithm 2 is n X n matrix P’ where P,
represents pairwise similarity between ¢th and jth landmark
points. It is important to note that P’ is equivalent to se-
lecting rows that corresponds to landmark points in N X n
matrix P.

3.3 Parallelization of Updating Embedded Data

Computational complexity for obtaining Y is O(tn?),
where ¢ is the number of iterations done when applying gra-
dient descent method and n is the number of landmarks.
Depending on the number of iterations, calculating Y can
also be very computationally expensive. Parallelization of
updating embedded data is shown in Algorithm 3.

Embedded data Y would be initialized by random man-
ner [15]. Pairwise similarity between embedded data g¢;; is
obtained using Equation (4). After computing pairwise sim-
ilarity, the gradient of cost function g—f( is acquired using
Equation (5). Since computation of ¢;; for each point is
computationally heavy, we would calculate this in parallel.
Once the gradient is calculated, Y is updated using gradient
descent method with momentum according to Equation (6).

3.4 Summary of the Proposed Method

Algorithm 4 provides a summary of the process to compute
the proposed version of random walk-based t-SNE. There are
3 main steps to the entire implementation. Firstly, we need
to compute the adjacency matrix W and graph Laplacian
L which is indicated in Algorithm 1. Secondly, we would

want to obtain matrix P, which involves pairwise similarity
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Algorithm 3: Parallelization of Updating Embedded

Data
Data: Y = {y1,y2,...

,Yn}, P/ = Matrix with pairwise
similarity between landmark points, ¢ = The
number of iteration to conduct gradient descent
method, o = momentum, n = learning rate

Result: Y = {y1,92,...,yn}

Initialize Y

for i=1 to t do
f pragma omp parallel for

for each y; do
f pragma omp parallel for

for each y; do
| Calculate g;; using Equation (4)

end
end

Update Y using Equation (5) and Equation (6)

end
Return Y

Dij, using Algorithm 2. However, before running Algorithm
2, we need to compute —B™ in order to solve Equation (8).
This is done by extracting columns of adjacency matrix W,
which corresponds to landmark points. Y is then updated
using Algorithm 3 where the computation of gradient is done
in parallel.

Our approach improves the efficiency of random walk-
based t-SNE focuses on parallel computation and algorith-
mic optimizations. By leveraging multi-core processors, we
hope to accelerate the construction of the graph Laplacian,

calculation of pairwise similarities and updating Y.

Algorithm 4: Summary of Parallel and fast compu-
tation for random waslk-based t-SNE
Data: X = {z1,z2,..., P}, t= Number of iteration
Result: Y = {y1,v2,...,yn}

if Dimension of X > 30 then
| Reduce the dimension of X to 30 by PCA

end

W, L + Algorithm 1

BT « Columns of W corresponding to landmark points
P’ < Algorithm 2

Update Y using Algorithm 3

Return Y

4 Experiments and Results

4.1 Experimental Setup

In order to examine the results of the proposed methods,
we have conducted multiple experiments. Implementation
was done using gcc and OpenMP on a x86-64 computer with
64 CPU cores with frequency of 2.10GHz and 1.5 TiB mem-

ory.
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Figure 1 MNIST 2500 with Random Walk based t-SNE

Following the original paper on t-SNE, if the number of
dimensions of the original data was higher than 30, we con-
ducted PCA to reduce it to 30[15]. Sequentially, we used
t-SNE in order to reduce the dimension into 2. Additionally,
we limited the number of nearest neighbors to 20. The num-
ber of iteration ¢t was set to 1000, the momentum was 0.5
if ¢ < 250 and 0.8 if ¢ = 250[15]. Referring to the original
paper, we decided to use an adaptive learning rate, where
the initial learning rate would be 100 but would get updated
over time [15].

4.2 Visualization of datasets

In order to confirm the quality of this technique, we vi-
sualized multiple data using random walk-based t-SNE and
the proposed method.

First dataset we used was MNIST 2500 [3] which has 2500
data with each containing 784 dimensions. For this com-
mon dataset, each dimension represents the pixel of a hand
written number. There are 10 labels from 0 to 9. Figures 2
and 1 shows the result of applying random walk-based t-SNE
and the proposed method. The separation of the clusters in
Figure 2 indicates that the proposed method has effectively
reduced the high-dimensional data into two dimensions while
preserving the distinct features of each class. Although Fig-
ures 1 and 2 do not look exactly the same, they have both
clustered different handwritten digits into a fairly distinct
groups, meaning that the proposed method could conduct
dimension reduction without the loss of quality. The reason
why the two figures do not look exactly the same is due to
randomness involving initialization of Y.

The Iris dataset [4] was also used for visualization. The
dataset contains 150 samples from three species of Iris flow-
ers: setosa, Virginica and Versicolor. The four features in
this dataset includes the length and the width of sepals and
petals in centimeters. Figures 3 and 4 illustrate the results of
visualization using random walk-based t-SNE and proposed

method. The distinction between the three groups illustrates
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Figure 2 MNIST 2500 with proposed method

the success in visualization of the dataset. Both techniques
achieve a clear visual separation of the species, which sug-
gests that the proposed method maintains the quality of di-
mension reduction. The similarity in Figures 4 and 3 includ-
ing the positioning of the embedded data points, is likely
because of the straightforward structure of the Iris dataset.
If we were using more complex datasets, it might be more
challenging to achieve such consistency in results between
different dimensional reduction methods.

In summary, when we visualized both the MNIST 2500
dataset and the Iris dataset, the outcomes suggested that
the proposed method was capable of conducting dimension
reduction without the loss of quality. Both methods were
able to embed the data into a simpler form without losing
the general structure of the data.

4.3 Processing Time

We have measure the execution time using MNIST 2500 [3]
dataset. Figure 5 shows the execution time for varying num-
bers of threads. The experiment began with a single thread,
and then additional threads were introduced in increments
of 8, culminating in a total of 64 threads.

As shown in Figure 5, the parallelization was done per-
fectly as the execution time has dramatically dropped ac-
cording to the number of threads. A significant decrease
in processing time is observed as the number of threads in-
creases. This steep decrease from a single thread to approx-
imately 10 threads illustrates the initial benefits of parallel
computation. After the 10 threads, the graph illustrates a
fairly stable trend. This could originate from several factors
in parallel computing, such as synchronization overhead, the
communication time between threads etc.

Figure 6, 7, and 8 represents the execution time for Algo-
rithm 1, 2, and 3, respectively,.

Figure 6 shows a steep decline in execution time as the
number of threads increases, indicating significant gains from

parallelization in the initial phase. However, it is important
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Figure 3 Iris dataset with Random Walk based t-SNE
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Figure 5 Execution time of Parallel t-SNE on MNIST 2500

to note that for this case, the actual impact of this step on
the overall execution time was minimal. This implies that,
although parallelization makes this step faster, it was not the
critical factor in the total computation time. This maybe due
to reduction in dimension in the prepossessing stage where
the dimension of MNIST has been reduced to 30.

Figure 7 also shows a sharp reduction in execution time
as more threads are utilized. This step has utilised parallel
processing and modified choleky factorization. Given that
this step is the primary contributor to the total execution
time, the efficiency gains in Algorithm 2 are critical to the
overall performance improvement of the method.

Figure 8 illustrates a less steep reduction in the execution
time compared to the others. This could be due to factors
like the iteration in gradient descent method that do not
decrease linearly with the addition of more threads.

The substantial reduction in execution time was achieved
mainly through the refinements in Algorithm 2. This was
what decisively improved the method’s efficiency. The other
steps, while improved by parallelization, play secondary roles

in the method’s overall performance enhancement.
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Figure 4 Iris dataset with proposed method

To sum up, by using modified cholesky factorization and
parallel programming, we have successfully demonstrated
that our method reduces computational time significantly,
which has addressed one of the biggest disadvantages with
original t-SNE.

5 Related Work

Previous efforts have explored enhancing t-SNE’s efficiency
through parallel processing. For example, Lopes et al. (2020)
developed a parallel version of t-SNE to aid in visualizing
smart city data [11]. Their work involved three main phases:
prepossessing, joint probability calculations, and execution
of t-SNE, all of which were parallelized using C and OpenMP.

In their prepossessing phase, parallel computing was ap-
plied to speed up the calculation of eigenvalues and eigenvec-
tors as well as the computation of the distance matrix when
undergoing PCA. For calculating joint probabilities, tasks
such as Gaussian kernel calculations and entropy estimations
were performed concurrently. Finally, in the execution phase,
the joint probability calculations, the Student-t distribution
computations, and the gradient calculations were all paral-
lelized.

In contrast, our research advances the field by applying
parallel computing specifically to random walk-based t-SNE

for the first time, as far as the author is aware.
6 Conclusion

We have presented an advanced methodology for executing
random walk-based t-SNE, utilizing parallel computing and
Modified Cholesky factorization to enhance computational
efficiency. Our approach has succeeded in significantly re-
ducing processing times, with scalability that effectively cor-
responds with the addition of processing threads. The results
demonstrate the feasibility of our method, as evidenced by
the substantial decrease in execution time while maintaining
the quality of data visualization. This approach not only

offers a faster alternative to traditional random walk-based
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Figure 6 Creating graph Laplacian

t-SNE methods but also provides a path for tackling larger
and more complex datasets, which were previously imprac-

tical to process.
7 Discussion

A primary concern with the proposed method is its
memory footprint, which expands proportionally with the
dataset size, potentially limiting its application to extremely
large datasets. With the proposed methodology, the com-
puter stores at least three N x N matrices during Modified
Cholesky factorization. As the number of data points grows
significantly large, this requirement may become impractical.
Future research will be directed towards optimizing mem-
ory usage, potentially through the refinement of the data
structures employed. We aim to investigate techniques for
partitioning the data processing, enabling our method to be
both adaptable and memory-efficient. Such strategies might
include mini-batching or streaming data processing, each of

which can manage memory usage dynamically.
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