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1. Introduction 
Isogeometric analysis (IGA) 1) passed its early 

development period showing high efficiency and accuracy 
when compared to the traditional finite element analysis 
(FEA). IGA adopts the advantages of Computer-Aided 
Design (CAD) functions to approximate geometries and 
displacements. B-splines and their rational forms, 
specifically non-uniform rational B-splines (NURBS) 2), are 
among the most popular functions used in IGA. Nonetheless, 
when used for large displacement analysis, NURBS 
functions still have some shortcomings that can be 
improved. Concretely, the same NURBS basis functions are 
typically used to represent the initial configuration of a 
domain and all of its deformed ones. As these configurations 
can be very different, using the same basis functions to 
represent all of them is not appropriate. In the study of Vo et 
al. 3), this specific shortcoming is addressed for large 
displacement analysis of beams by treating the weights of 
control points as degrees of freedom (DOFs). Although the 
weights of control points are allowed to vary, the same set 
of weights is used for interpolating displacements and 
rotations. 

This study builds upon the concept presented in the 
research work of Vo et al. 3) by treating the weights of 
control points as DOFs and utilizing distinct sets of weights 
for interpolating displacements and rotations. The study 
assesses the performance of this interpolation scheme by 
comparing its results with those obtained by the fixed-
weight scheme and the scheme in the work of Vo et al. 3). 
 
2. Interpolation schemes for Timoshenko beams 

In this study, three different weight-related interpolation 
schemes are considered. Their details are given below. 
These schemes are applied to quadratic Timoshenko beam 
elements that use quadratic NURBS curves to represent their 
beam axes. The kinematics of the element, including its 
kinematic unknowns, are taken from the study of Chorn et 
al. 4) 

Interpolation 1 is the conventional scheme in which only 
displacement and rotation degrees of freedom at control 
points are considered. The unknown vector for this 
interpolation scheme is expressed as 𝐈ଵ = [𝑢௑ଵ 𝑢௒ଵ 𝜑ଵ 𝑢௑ଶ 𝑢௒ଶ 𝜑ଶ 𝑢௑ଷ 𝑢௒ଷ 𝜑ଷ] 
where 𝜑௜ is the rotation degree of freedom at the 𝑖௧௛ control 
point, while 𝑢௑௜  and 𝑢௒௜  are the displacement degrees of 
freedom at the 𝑖௧௛ control point.  

The next scheme is Interpolation 2 where the weight of 
the second control point 𝑤ଶ is treated as an additional degree 
of freedom. The unknown vector for this interpolation 
scenario is expressed as 

𝐈ଶ= [𝑢௑ଵ 𝑢௒ଵ 𝜑ଵ 𝑢௑ଶ 𝑢௒ଶ 𝜑ଶ 𝑤ଶ 𝑢௑ଷ 𝑢௒ଷ 𝜑ଷ] 
The third scheme is Interpolation 3 in which the weight of 

the displacement degrees of freedom at the second control 
point 𝑤ଶ  is distinguished from the weight of the rotation 
degree of freedom at the same control point 𝑤ଶఝ. These two 
weights, i.e., 𝑤ଶ and 𝑤ଶఝ, are both treated as DOFs, leading 
to the following unknown vector: 𝐈ଷ= [𝑢௑ଵ 𝑢௒ଵ 𝜑ଵ 𝑢௑ଶ 𝑢௒ଶ 𝜑ଶ 𝑤ଶ 𝑤ଶఝ 𝑢௑ଷ 𝑢௒ଷ 𝜑ଷ] 

Fig 1 illustrates a beam axis represented by Interpolation 
3. The performance of the elements using these three 
interpolation schemes is compared by solving a beam 
problem in the next section. 

 
Fig 1. Interpolation 3 

 
3. Numerical example 

The problem considered in this study is an L-shaped beam 
under a uniformly distributed moment 𝑚 = 2π𝐸𝐼/𝐿ଶ shown 
in Fig 2. Under the applied moment, the beam is deformed 
to the configuration illustrated in Fig 3. 
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Fig 2. L-shaped beam subjected by a uniformly distributed 
moment 

 

 
Fig 3. Final deformed configuration 

 
The performance of the three interpolation schemes is 
compared in Fig 4 by using their relative errors of the 
deformations. The relative error is defined as 

𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒𝐸𝑟𝑟𝑜𝑟 = ඩ∫ (𝐫௡௨௠ − 𝐫௘௫௧)ଶ௟଴ d𝑆∫ (𝐫௘௫௧)ଶ௟଴ d𝑆  (1)   

Here, 𝑆  and 𝑙  are the axial coordinate and length of the 
beam, respectively. In addition, 𝐫௘௫௧ is the exact deformed 
configuration and 𝐫௡௨௠  is an obtained deformed 
configuration. 

It can be seen from Fig 4 that treating weights as DOFs in 
the interpolations improves the obtained results quite 
significantly. As shown in Fig 4, without considering any 
weights as DOFs, Interpolation 1 does not yield as good 
results as the other two counterparts in terms of accuracy. 
Furthermore, by considering different weight unknowns for 
the displacements and rotation, Interpolation 3 yields better 
results than Interpolation 2 which considers the same weight 
unknown for the displacements and rotation. Even though 
the convergence rate of Interpolation 3 is lower than that of 
Interpolation 2 at the end of the DOF range, the difference is 
insignificant. 
 
 
 
 
 
 
 
 

 
Fig 4. Relative errors of the deformations by the three 

interpolation schemes 
 
4. Conclusions 

Considering the weights of NURBS control points as 
DOFs can significantly improve the performance of the 
elements in terms of accuracy. In terms of the solution 
convergence, the convergence rates given by the three 
interpolation scenarios are similar at the end of the 
considered DOF range. 
 
Acknowledgments 

Scholarships, under the Collaborative Education Program 
(CEP), from the ASEAN University Network/Southeast 
Asia Engineering Education Development Network 
(AUN/SEED-Net), Sirindhorn International Institute of 
Technology (SIIT) of Thammasat University, and the 
Graduate School of Engineering of Hokkaido University for 
the first author are greatly appreciated. 
 
References 
1) Hughes, T. J., Cottrell, J. A., and Bazilevs, Y.: 

Isogeometric analysis: CAD, finite elements, 
NURBS, exact geometry and mesh refinement, 
Computer Methods In Applied Mechanics And 
Engineering, 194(39-41), pp. 4135-4195, 2005. 

2) Piegl, L. and Tiller, W.: The NURBS book, 
Springer Science & Business Media, 1996. 

3) Vo, D., Duong, N. H., Rungamornrat, J., and 
Nanakorn, P.: A 2D field-consistent beam element 
for large displacement analysis using a rational 
Bézier representation with varying weights, 
Applied Mathematical Modelling, 104, pp. 806-
825, 2022. 

4) Chorn, V., Vo, D., and Nanakorn, P.: A Total 
Lagrangian Isogeometric Timoshenko beam 
formulation for large displacement analysis of 2D 
frames, in EASEC16, Springer, 2021. 

 

22007-12-01 第26回応用力学シンポジウム

Applied Mechanics Committee, JSCE - 22007-12-01 -


