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Debris flows are highly destructive gravity-driven mixtures that significantly increase in volume through bed-
sediment erosion and entrainment. While conventional depth-integrated Shallow Water Smoothed Particle
Hydrodynamics (SWSPH) models are computationally efficient for large-scale simulations, their constant-
mass assumption fundamentally contradicts the physics of entrainment. This paper introduces a framework
to resolve this physical inconsistency by extending the SWSPH method to allow for variable particle mass.
Validated against analytical solutions, large-scale experiments, and a real-world event, the proposed method
accurately reproduces large-scale flow propagation, deposition, and mass growth.

1. Introduction

Debris flows are rapid, gravity-driven mixtures of rock, sediment,
and water, whose volume increase through bed-sediment erosion
and entrainment. These processes significantly increase the debris
flow’s destructive potential, substantially enhancing its mobility
and runout distance. Depth-integrated Shallow Water Equations
(SWE) solved using Smoothed Particle Hydrodynamics (SPH)
provide an efficient way to simulate these events at large scales,
making them valuable for hazard assessment.

Conventional shallow water SPH (SWSPH) formulations, how-
ever, enforce a constant particle mass assumption, which prevents
them from representing the mass growth that occurs during ero-
sion and entrainment. Therefore, this study introduces a method
that incorporates these processes directly into the SWSPH frame-
work, enabling more physically consistent simulations of debris
flow and improving the reliability of hazard modeling.

2. Governing Equations
The physical model utilizes depth-integrated Lagrangian SWE
that account for entrainment:

Dh
2 w.a=E )
Dt
Du k -u
u—g__vp_f_b ME 2)

Dt 7 n oh h

where D /Dt is the total material deriative, 4 is the flow depth, &
is the depth averaged velocity vector, £ is the lateral earth pressure
coefficient, P = % gh? is the pressure, g is the acceleration due to
gravity, p is the density and 7}, is the bed shear stress vector.

The framework incorporates a lateral earth pressure coefficient
to address anisotropic pressure distributions common in granular-
fluid flows. This coefficient adopts values derived from Rankine
Theory depending on whether the flow is expanding (active state)
or compressing (passive state):

_ 1 -sing
k”_1+sin¢ 3

1+sing
ky,=———— 4
P71 —sing “)

where ¢ is the internal friction angle, and k,, k), refers to the
active or passive state of the flow, respectively.

Flow resistance is captured through a composite rheological
model combining Manning’s turbulent friction and Coulomb’s

frictional model:

_ ﬁgznzﬁ\/m 5

Tbr = T (%)
Thf = pgzhtang (6)
Tp = Tpr + Tpf @)

where 7 is the Manning’s friction coefficient, « is the slope gra-
dient, and ¢ is the internal friction angle of the material.

Finally, The entrainment rate is calculated using a physics-
based model based on a momentum balance at the interface be-
tween the moving flow and the static bed:

_811, _ Tb~ Tyield
ot p(lup| = |upeal)
]T

®)

where 7y, up = [up,vp]" are the stress and velocity at the bottom
of the moving flow layer, while Tyic1d, Upea = [Ubed, Vbea]” are
the stress and velocity at the surface of the erodible bed layer. The
flow basal shear stress 7, is the combined turbulent and frictional
model defined for the debris flow (Eq. 7), while the yield stress
Tyield 18 defined using the Mohr-Coulomb failure criterion for the
erodible layer. Erosion initiates when the basal shear stress of the
flow exceeds the yield stress of the bed.

3. SPH discretization

The above equations are solved using the mesh-free Lagrangian
SPH approach. discretizing the above equations for a particle i
can be written as:

N
h; = Z VjWij + E; At )
=1
Di; & (Pi+ Py i (wpi — ;) E;
“Logi—k Y Vi —L ;| VW, - R 2 TP
Dt gi ]Z J hi/’lj Y Y phi h;
(10

As discussed earlier, the constant mass assumption of conven-
tional SPH prevents the direct incorporation of entrainment. As
seen in Eq. (9), the flow depth 4; is calculated using the standard
SPH summation, which is subsequently increased by adding en-
trainment. This creates a non-physical state where the flow height
artificially increases while the particle mass and volume remain
unchanged, potentially violating mass and momentum conserva-
tion.
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A more consistent approach is to adopt a variable-mass for-
mulation. Rather than artificially increasing particle height, the
particle volume is updated according to the entrained volume,
computed as the entrained height E;Ar multiplied by the repre-
sentative particle area A:

vr

+1 _ _ i
%4 —Vi"+El."AfAt—Vi"+E{‘h—,}At (11)

L
The flow height then evolves naturally through the conser-
vative, summation-based continuity equation, and the entrained
volume is consistently incorporated into the momentum equation.

4. Results

4.1. Analytical dam break

The framework was validated against a one-dimensional analyti-
cal solution for a dry bed granular dam break". Simulated over
varying bed friction angles corresponding to 0° (Case A), 15°
(Case B), and 30° (Case D), the model accurately captured the
propagation of the rarefaction wave and the location of the flow
front.

Case A
Case B
20 e CaseD

Depth (m)
a

3

[

200 0 200 400 600 800
Distance (m)

Fig.1 Comparison of numerical and analytical results showing
the effect of varying bed friction angles on the flow pro-

filesatt=15s

4.2. USGS debris flow experiment

The model simulated a 6 m> debris flow released down a 95 m long
flume. Baseline rheological parameters were calibrated using a
non-erodible bed experiment, establishing a Manning’s coefficient
of 0.03 and an internal friction angle of 8°. Simulations incor-
porating a 0.12 m thick erodible bed successfully replicated the
experimentally observed sustained flow front velocities, arrival
times, and peak flow heights.

0.5
Experiment (x=32m)
—— Simulation (x=32m)
04 Experiment (x=66m)
—— Simulation (x=66m)

0.3

o
o

Flow height (m)

Static Bed

o

0.0

0 S 10 15 20
Time (s)

Fig.2 Good agreement between the observed and simulated de-
bris flow heights at different obsertvations points along
the flume for the erodible bed experiment

The conservative nature of the variable mass SWSPH is illus-
trated by tracking the cumulative volume changes of the system.

As the flow front propagates, the total debris flow volume in-
creases significantly from an initial 5.84 m> to a final volume of
approximately 15.96 m>. This total entrained volume of 10.12 m?
directly corresponds to the material lost from the erodible bed,
demonstrating the strict global mass conservation achieved by the
framework.

Flow Volume
Bed Volume

0 5 10 15 20
Time (s)
Fig.3 Cumulative volume change for both the debris flow and
the erodible bed

4.3. Marumori debris flow event

To demonstrate regional-scale applicability, the model simulated
a 2019 debris flow in Marumori, Japan, utilizing a 1 m resolution
digital elevation model. The initial failure volume of 3,660 m?
expanded to 4,930 m?® through bed entrainment. The simulated
erosion patterns and final depositional geometry were spatially
consistent with post-disaster field observations.

(a) (b)

/L

V(C) B (d)
/ {

Fig.4 Marumori debris-flow comparison: (a) Post-event photo
of the eroded runout path. (b) Simulated flow height at
t=30 s. (c) Simulated velocity paths from t=0-30 s. (d)
Final erosion depth at t=60 s

o L
i
oo

e O

5. Conclusion

Conventional SWSPH methods are fundamentally limited by a
constant-mass assumption that fails to physically account for the
mass growth of debris flows due to bed erosion and entrainment.
By introducing a variable-mass SWSPH formulation that dynami-
cally updates particle volume based on entrained height, this study
resolves these inconsistencies and ensures a rigorous coupling be-
tween mass, geometry, and momentum. Validation against analyt-
ical solutions, USGS flume experiments, and actual debris flows
confirms that this approach accurately captures flow heights, ar-
rival times, and mass growth of debris flows.
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In recent years, the frequency of heavy rainfall disasters has shown an increasing trend due to climate change,
which is considered to be caused by global warming. Under such circumstances, there have been several
reported cases in which debris flows generated during disasters are trapped within reservoirs, thereby
providing a disaster mitigation function for downstream areas. However, the behavior of debris flows entering
reservoirs and their mitigation effects have not yet been sufficiently clarified. In this paper, the Bingham
model is incorporated into the MPS method to evaluate and examine the disaster mitigation function of
reservoirs.
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Fig.1 Numerical model.

Table 1 Simulation parameters.

Particle distance (m) 0.04
Time increment (s) 0.00025
Density of water (kg/m?3) 1000
Plastic viscosity of water (Pa‘s) 0.000001
Courant number 0.1
Parameter for collision condition 1
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Fig. 2 Simulation results of the debris flow
with =60 Pa and 7=0.3 Pa-s.
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Fig. 4 Relationship between overflow discharge and
volumetric concentration.
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This study examines sediment transport mechanics using a coupled three-dimensional Discrete Element Method
(DEM) and two-dimensional Simplified Marker and Cell (SMAC) numerical framework. Pressure-driven flow
over a granular bed of uniform spherical particles of 2 mm diameter is simulated at varying pressure gradients
per unit density (gr=200-1000 cm/s?) and computational domain sizes. The resulting fluid velocity and particle
concentration profiles are analyzed and compared with established sediment transport theories to evaluate the
model’s capability to describe the fundamental mechanics of sediment transport at the particle scale.

1  Introduction

Debris flows are a critical concern in geotechnical engineering,
and predicting these hazards remains challenging due to the
complex soil—fluid interactions during erosion and sedimentation.
The erosion, transport, and deposition of sediment are largely
governed by the balance between gravitational settling and
turbulent drag, as reflected in the vertical distribution of particle
concentration. This distribution can be described by the Rouse
equation (Rouse'), which characterizes the transport regime by
Rouse number Z.

While these theoretical and experiential approaches provide a
macroscopic  framework, understanding the microscale
mechanics of soil-fluid interactions requires particle-scale
computational techniques. To this end, numerical modeling such
as the discrete element method (DEM) coupled with
computational fluid dynamics (CFD) has become an increasingly
practical tool for studying soil-fluid interactions at the particle
scale (Nguyen and Indraratna?, Ramezanzad et al.?). In coupled
models, DEM tracks the behavior of individual soil particles
within granular assemblies, accounting for their mutual
interactions and external forces, while CFD simulates the fluid
field’s response.

In this study, a Fortran-based computational approach that
couples a three-dimensional Discrete Element Method (3D-
DEM) with a two-dimensional Simplified Marker and Cell (2D-
SMAC) numerical framework is employed to simulate pressure-
driven flow over a sediment bed at varying flow intensities.
Simulation results are systematically evaluated against
established erosion and sedimentation theories to examine
whether the model can predict the settling—diffusion equilibrium.
By integrating the microscale particle-level insights with
theoretical sediment transport frameworks, this research
contributes to a more comprehensive understanding of soil—fluid
interactions in natural erosion and sedimentation processes.

2 Numerical Method
2.1. 3D-DEM/2D-SMAC Coupling

The coupled model integrates a 3D-DEM for granular particle
mechanics with a 2D-SMAC fluid solver through a two-way
momentum-exchange scheme. The DEM (Cundall and Strack*)
tracks the motion and interaction of individual particles,
incorporating the fluid drag using Newton’s law, as described by
the following governing equations:

=3, F5+m, (1——)+F""’g (1

Where m; is the particle mass, X, is the acceleration, Ffj is the
contact force, g is the gravitational acceleration, p; and pg are

the fluid and solid densities, and F; 438 i the fluid drag force. The

contact force is calculated using a linear spring—dashpot model
(Fig. 1), and the fluid—particle interaction is modeled using the Di
Felice (1994) drag correlation (Di Felice).

2D-SMAC mesh (X-Y plane) : 2D, by 2D,

r Free
My : boundary
|| periodic
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— - — *  — - — o
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—_— e == e = e Lj+1
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i i} i+1,f y
L L] v
— e = U g 2
R
. x
Yy
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Fig. 1 DEM and SMAC Fig. 2 Model schematlc

The fluid phase is solved on a two-dimensional staggered grid
(Fig. 1) using the SMAC method. The governing equations are
the continuity equation and the simplified momentum equation
for the fluid phase:

de  0(ev;)

= = 2

ot ox, O @
6vi+ dv; 1 (')p 0 + Fpi P 3
ot vj Ox] - pf ax,- v pf gf ( )

Where ¢ is the local porosity, v; is the fluid velocity component,
py is the fluid density, p is the pressure, v is the kinematic

viscosity, gy is the pressure gradient per unit density, and 2 i
pre

the grain—fluid interaction force per unit mass.

2.2. Simulation Setup

Simulations are performed across multiple computational
domain sizes with streamwise lengths L =8, 12, 16, and 32 cm, a
fixed vertical height # = 10 cm, and a spanwise width of 1 cm,
containing uniform-sized spherical particles (diameter Dy = 2
mm and density py= 2.5 g/cm®) maintaining the same solid
volume fraction at the sediment bed. The fluid has density py=
1.0 g/cm? and kinematic viscosity v=1.0 x 102 cm?s. Fluid flow
is driven by a pressure gradient per unit fluid density, g= 200,
400, 600, 800, and 1000 cm/s?. Boundary conditions are shown in
Fig. 2, periodic in x and z (streamwise and spanwise), with a rigid
no-slip bottom wall and a free surface (zero shear stress) at the
top. Fig. 3 shows a snapshot of the particle distribution in the
32x10x1 cm domain at gy= 600 cm/s?, illustrating the particle
suspension under stronger flow. Each simulation runs for 16 s,
with results time-averaged over ¢ = 14—16 s after the steady state
is reached.
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Fig. 3 32x10x1 cm, n = 8000, gy= 600 cm/s’

3 Results and Discussion
3.1. Velocity Profile

Fig. 4 shows the time-averaged horizontal fluid velocity
profiles for varying streamwise domain sizes (L) as a function of
normalized height y/H for gy=200-800 cm/s*. The profiles show
the expected flow structure over a sediment bed, near-zero
seepage velocity within the packed bed ()/H < 0.2), a transition
zone at the bed—fluid interface where the velocity increases
rapidly and reaches a maximum in the suspension zone near the
free surface. The maximum velocity ranges from ~600 cm/s at
gs= 200 to ~1400 cm/s at gr= 800 cm/s>. Also, the obtained
velocity profiles show a less significant effect of L if the flow is
homogeneous. The flow structure is consistent with experimental
results reported by Itoh and Egashira®.
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Fig. 4: Time-averaged velocity profiles

3.2. Concentration Profiles and Rouse Fitting

The time-averaged concentration profiles are shown in Fig. 5
on a semi-logarithmic scale as a function of normalized height
y/H. The concentration remains nearly constant within the packed
bed, decreases above the bed—fluid interface. Higher gy values
result in greater particle suspension into the upper flow region due
to the stronger driving forces.
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Fig. 5: Particle concentration profiles
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Fig. 6: Concentration profiles and Rouse fitting (8x10x1 cm)

The Rouse equation:

c _(H-y a \*
il Geaatt =) “®
where a is the reference height (considered at y/H= 0.2), ¢(y) is
the concentration at each vertical position y, c. is the
concentration at y= a, and Z is the Rouse number. This equation
is fitted to the suspension zone shown in Fig. 6 for g=200-1000
cm/s? in the 8x10x1 cm domain. Notably, the fitted Z values
classify the flow conditions into bed load (Z = 10.21, 6.53, 3.65
at gy= 200, 400, 600 cm/s?), 50% suspended (Z = 2.27 at g=
800 cm/s?), and fully suspended (Z = 0.82 at g= 1000 cm/s?),
with Z decreasing as flow intensity increases. Furthermore, this
classification is also consistent with the visual particle
distribution shown in Fig. 3.

4  Conclusion

This study demonstrated the capability of the coupled model to
predict sediment transport under pressure-driven flow. The
simulated fluid velocity profiles show an expected flow structure
consistent with previous experimental results. The particle
concentration profiles show the expected transition from the bed
load to suspended load for different flow intensities and are
consistent with the Rouse model. These results confirm that the
coupled 3D-DEM/2D-SMAC numerical model can resolve the
fundamental behavior of both erosion and particle suspension at
the grain scale. The effects of domain size and particle size
distribution will be evaluated in a future study.
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A granular flow model based on micropolar fluid theory formulated by Kano was examined under
basal roughness conditions. DEM simulations of unidirectional granular flow down an inclined
plane were conducted to determine model parameters. The results show that the steady flow can
be reproduced by applying a Dirichlet boundary condition for rough surfaces and a Navier slip

boundary condition for smooth surfaces.
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The rheological behavior of debris-flow source materials is influenced by solid concentration and fines content,
yet laboratory-constrained parameters remain limited for field-relevant conditions. In this study Rotational
viscometry was conducted on fines-enriched sand—silt—clay mixtures derived from the < 425 um fraction of
debris-flow source material. Mixtures contained 50%, 65%, and 80% fines at water contents of 50-60%,
corresponding to volumetric solid fraction C,= 0.386-0.430. All tested mixtures exhibit non-Newtonian
behavior with pronounced shear-thinning response. Yield stress determined from Herschel-Bulkley and
Bingham model fitting ranges from 6.8 Pa to 133.3 Pa across the tested compositions and concentration interval.
Despite the relatively narrow C,, range, yield resistance increases markedly with increasing C,,. Mixtures with
lower fines content show greater sensitivity to changes in volumetric solid fraction (C,,), whereas fines-enriched
mixtures exhibit more moderate yield variation. These results indicate that both C,and fines proportion control
rheological behavior under debris-flow-relevant conditions and provide experimentally constrained parameters

for debris-flow mobility analyses.

1 Introduction

Debris-flow mobility is governed by the rheological response of
soil-water mixtures, which depends primarily on volumetric solid
fraction and particle interactions. Experimental studies
demonstrate that yield stress increases strongly with solid
concentration and that mechanical transitions may occur within
concentration ranges relevant to natural debris flows (Sosio &
Crosta !, Jeong et al.?). Despite these findings, laboratory-
constrained evaluation of sand-silt—clay mixtures within narrow,
field-relevant concentration intervals remains limited.

This study investigates the rheological behavior of fines-enriched
sand-silt-clay mixtures derived from the <425 pum fraction of
material collected from the collapse area of the 2021 Atami debris
flow. Laboratory mixtures containing 50%, 65%, and 80% fines
(silt + clay fraction) were prepared at water contents
corresponding to solid volume fractions C, = 0.386—0.430. The
objective is to quantify shear stress—shear rate behavior,
determine yield stress, and evaluate its dependence on solid
volume fraction within this concentration range.

2 Materials and Experimental Methods

2.1 Material description

The tested material was collected from the remaining
embankment on the southern slope of the 2021 Atami debris flow
source valley, which remained intact after the collapse. The
particle-size distribution consists of 14.9% (0.425—-1 mm), 8.7%
(0.25-0.425 mm), 12.7% (0.15-0.25 mm), 6.2% (0.106-0.15
mm), 3.3% (0.075-0.106 mm), and 20.0% fines (<0.075 mm).
Including the coarse fraction greater than 1 mm (34.2%), the
material contains 45.8% sand (0.075-1 mm) and 20.0% fines
(<0.075 mm), with the remaining 34.2% comprising particles
larger than 1 mm. The soil index properties are summarized in
Table 1.

2.2 Testing procedure

Rheological measurements were conducted using a rotational
viscometer (Atago Visco B 695) equipped with a concentric-
cylinder system (Table 2). Samples were pre-sheared at 30 rpm to
minimize structural history effects (Barnes, 1997), followed by
stepwise shear over approximately 1-60 s™' (5-250 rpm). Steady
shear stress was recorded at each step, and yield stress was
obtained from fitting the shear stress—shear rate data to
constitutive models.

Table 1 Index properties of testing material

Property Index parameter Value
Specific gravity G, 2.62
Liquid limit, LL(%) 41
Atterberg limits Plastic limit, PL(%) 30
Plasticity index, PI1(%) 11
Soil Classification (USCS) ML
Table 2 Geometrical parameters of measuring system
Parameter Definition Value
Gap distance A = R, — Ry(mm) 7.5
Gap ratio 6 =R./R; 2.9
Radius ratio r=1/8§ 0.33
Maximum particle size Amax = A/10(mm) 0.75

Note: R.=radius of standard beaker, R;= radius of spindle.
23 Volumetric solid fraction

The volumetric solid fraction C,was determined from measured
water content assuming a two-phase soil-water system with
incompressible constituents. Water content is defined as w =
M,, /M, where M,, and M; denote the mass of water and solids,
respectively. Using the standard mass—volume relationship and
the specific gravity of solids G, the volumetric solid fraction is
expressed as C, = 1/(1 +wGs) with Gy = 2.62, the tested
water contents of 50—60% correspond to C, = 0.430 (50%),
0.407 (55%), and 0.386 (60%). This range defines the
concentration interval investigated in the rheological analysis.

2.4 Shear rate calculation

Shear rate was evaluated using the concentric-cylinder (Couette)
formulation appropriate for rotational viscometry. Angular
velocity w was calculated from the rotational speed N(rpm) as
® =21N /60. For a concentric-cylinder system, with Ry and R,
denoted as the spindle and cup radii, the general shear-rate
expression y, is given as
2wR?

" RZ—R2

Y (€]

3 Results and Discussion

31 Flow curves and Bingham fits

Fig. 1 shows the shear stress—shear rate relationships for the eight
mixtures with Bingham fits, where W and F denote water content
and fines percentage, respectively. Apparent yield stresses range
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from 6.3 to 133.3 Pa despite the narrow concentration interval.
The Bingham fits yield coefficients of determination of R? =
0.77-0.94, indicating that the model provides a reasonable first-
order approximation of the observed viscoplastic behavior.
Higher R? values from power-law fitting (0.91— 0.98) confirm
measurable shear-thinning, particularly in fines-enriched
mixtures. Within C, = 0.386-0.430, yield stress varies by more
than one order of magnitude, with sand-rich mixtures showing
stronger concentration sensitivity than fines-enriched mixtures.

300
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Shear rate, 7 (s71)
Fig. 1 Shear stress- shear rate relationship with Bingham fitting.

3.2 Stress dependence on volumetric solid fraction

Fig. 2 shows the variation of yield stress with volumetric solid
fraction together with the exponential regression fit. A clear
exponential dependence is observed, which can be expressed as

7, = a-10f%  (2)
Fitting this relationship to the experimental dataset yields a
concentration coefficient of f = 17.8 (R? = 0.901), indicating
strong sensitivity of yield stress to changes in solid fraction. The
magnitude of B implies that a 0.01 increase in C, results in
approximately a 50% increase in yield stress within the tested
range. Across C, = 0.386-0.430, yield stress increases from
approximately 6 Pa to over 100 Pa, corresponding to more than
one order of magnitude variation. This pronounced concentration
dependence exceeds values reported for typical clays and soils (§
=~ 7-10; Zarch et al.%), suggesting enhanced mechanical sensitivity
of the tested material to modest changes in water content. Such
concentration sensitivity implies that small changes in water
content may substantially modify mixture resistance under field
conditions. The July 2021 Atami event was preceded by
approximately 589 mm of rainfall (Shizuoka Prefecture, 2021%),
illustrating how hydrological variation may induce substantial

reductions in mechanical resistance.
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Fig. 2 Yield stress as a function of volumetric solid fraction.

33 Apparent viscosity and shear-thinning behavior

Fig. 3 shows the apparent viscosity as a function of shear rate. All
mixtures exhibit shear-thinning behavior, with viscosity
decreasing systematically as shear rate increases. The greatest
separation among mixtures occurs at low shear rates (< 5 s™),
where structural resistance dominates and viscosity varies by
more than one order of magnitude. At higher shear rates, the
curves converge, indicating progressive breakdown of particle
networks. Sand-rich mixtures show stronger viscosity
amplification with increasing solid fraction, consistent with the
yield— C,, trends. This rate-dependent reduction in viscosity
implies that assuming constant viscosity may underestimate
mobility in debris-flow modeling.
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Fig. 3 Apparent viscosity versus shear rate.
4 Conclusions

Rotational rheometry of sand—silt—clay mixtures at water contents
of  50-60%, (C, =0.386-0.430) demonstrates  strong
concentration dependent viscoplastic behavior. Bingham fitting
yields apparent yield stresses of approximately 6—133.3 Pa within
this narrow C,, interval. Yield stress increases exponentially with
solid volume fraction (B = 17.8, R? = 0.901), indicating high
mechanical sensitivity to small concentration changes. All
mixtures exhibit shear-thinning behavior, with viscosity
decreasing systematically with shear rate. Within the tested
interval, a 0.01 increase in C, corresponds to approximately a
1.5-fold increase in yield stress, underscoring exponential
sensitivity of resistance. These findings, limited to the
investigated concentration range and fines-enriched mixtures,
confirm that volumetric concentration is the primary control on
matrix resistance and should be explicitly considered in debris-
flow rheological modeling.
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